Abstract. Automotive brake squeal has become one of the major concerns in the automotive industry. The researches on suppressing brake squeal are of great practical significances. However, most of the existing researches have not taken into account the parameters uncertainties, although it is well known that uncertain factors widely exist in the brake systems. To reduce disc brake squeal more effectively, a practical approach for the stability analysis and improvement of an automotive disc brake system with fuzzy uncertainties is proposed. In the proposed approach, the uncertainties associated with friction coefficient, material properties and loading properties are taken into consideration, and the uncertain parameters of the brake system are represented by fuzzy numbers. The brake system stability is investigated by performing complex eigenvalue analysis (CEA), and response surface methodology (RSM) is employed to approximate the implicit relationship between the dominant unstable mode and system parameters. Then, the stability analysis model of the brake is constructed based on RSM, CEA and fuzzy analysis. As a numerical example, the stability analysis of a commercial disc brake system with fuzzy uncertainties is carried out, and the influences of different uncertain parameters on system stability are investigated. The analysis results show that the stability of the fuzzy brake can be improved effectively by increasing the specific modulus of back plate. The proposed approach can be considered as a potential method for squeal reduction of automotive disc brake systems under fuzzy case.
Introduction
The friction-induced vibration existing in the automotive disc brake systems can induce a dynamic instability, and cause an inconvenient squealing noise. The brake squeal noise with the frequency range from 1 to 16 kHz is considered to be most annoying [1] . Significant progress has been made in predicting and removing brake squeal and a large number of reviews have been presented on this subject [1] [2] [3] [4] [5] [6] [7] . Several classic theories have been formulated to explain the mechanisms of brake squeal phenomenon, such as stick-slip, sprag-slip, modal coupling and hammering excitation mechanism, et al. [7] . However, as pointed out by the literatures, the squeal reduction still remains a big challenge due to the complexity of this phenomenon.
Considerable numerical, analytical and experimental efforts have been spent on the squeal subject [4, 5] . The transient dynamic analysis and CEA are the two primary numerical approaches for squeal analysis [8] [9] [10] . For evaluating the stability of a brake system which reflects the likelihood of squeal noise, both the two methods are considered to be highly available. However, the former could only demonstrate whether a system is stable or not, but provide no insight into how the system could be altered to remove the instability. Compared with transient dynamic analysis, CEA is preferred and widely used, due to its quickness and usefulness in revealing the unstable modes and providing design guidance by analyzing different operating parameters virtually. Moreover, the effectiveness of CEA results has been already verified experimentally.
A lot of successful instances indicate that the numerical method of CEA based on finite element method (FEM) is an effective approach to understand, predict or prevent brake squeal. In the 1980s, Liles [11] constructed a FE model for determining the effects of several design parameters on brake system stability, and found that higher friction coefficient and wear of the friction material could increase squeal propensity. Subsequently, Lee et al. [12] presented an integrated approach for disc brake squeal analysis based upon a parametric FE model and found that thinner back plate of brake pad could increase squeal propensity. Nack [13] carried out brake squeal analysis by a large scale FE model under steady sliding condition, and found that the unstable modes were due to friction coupling of neighboring modes during squeal. Based on mode-coupling phenomenon, Fritz et al. [14] used a technique based on FEM to compute brake system eigenvalues, and the effects of damping on system eigenvalues were investigated. As an extension of the above studies, Ouyang et al. [15] solved the dynamic instability of a disc brake system as a nonlinear eigenvalue problem by developing a moving-load model. Sensitivity analysis was introduced to explore the influences of substructures parameters on system stability by Guan et al. [16] . The parametric analyses of disc brake system stability were carried out by Liu et al. [17] and Júnior et al. [18] , where the influences of system key parameters on system stability were examined. Dai and Lim [19] carried out an optimization design of brake pads to show that the pads with radial chamfers had lesser brake squeal tendency. Based on detailed three-dimensional FE models, wear prediction of friction material in a disc brake system was presented by Abubakar and Ouyang [20] , and the wear at the pad interface over time was simulated by Alberty [21] using a modified wear rate formula. By integrating FE simulations with statistical regression techniques, Nouby et al. [22] proposed a mathematical approach to investigate the influencing factors of brake pads on disc brake squeal. Within the past few years, Spelsberg-Korspeter [23] has performed a structural optimization for brake rotors and the mathematical difficulties of such an optimization are discussed. It can be seen from the above-mentioned researches that brake squeal phenomenon has been deeply studied by the conventional deterministic procedures. In which, system parameters such as friction coefficient, material parameters and loading parameters are all assumed to be known precisely and defined exactly. At present, there are only a few studies investigating brake squeal problem by non-determined approaches. Chittepu [24] carried out a robustness evaluation of brake system stability with a stochastic model, in which the material scatters were modeled by random variables and the geometrical tolerances were modeled by random fields. Based on the polynomial chaos expansions and FEM, Sarrouy et al. [25] investigated the stability of a simplified disc brake system by stochastic simulations. The friction coefficient and the contact stiffness of the disc brake were modeled by random variables in this research. By introducing uncertainties and robustness concepts into squeal simulations, Tison et al. [26] proposed a complete strategy to improve the prediction of disc brake squeal. The strategy mainly relied on the integration of random fields into the contact interface, complex eigenvalue calculations and a robustness criterion. Lü and Yu [27, 28] proposed two different approaches for stability analysis and improvement of uncertain disc brake systems, in which the system parameters are treated as random variables or interval variables. It can be found that the investigations on uncertain brake squeal problem are still not comprehensive enough at present.
In practice, uncertainties associated with material, contact and loading properties are unavoidable in the automotive brake systems. The probabilistic methods are the most common approaches to cope with the uncertainties arising in practical engineering problems [29] . The existing studies [24] [25] [26] are all based on the popular probability methods. Actually, under some uncertain cases, it is difficult to determine the exact probability distributions of some uncertain parameters of the brake systems. For example, the friction coefficient cannot be measured directly and changes with respect to the sliding velocity between pads and disc, thus it is difficult to determine its probability distribution in some cases. Consequently, the non-probabilistic uncertainty models, such as interval model and fuzzy model, have been considered as useful alternatives to the probabilistic models.
The purpose of this study is to investigate and prevent the dominant unstable mode of a disc brake system with fuzzy uncertainties, so as to improve system stability and reduce squeal propensity. For this purpose, a practical approach for analyzing and improving the stability of the disc brake system with fuzzy uncertainties is presented. In the approach, the uncertainties of frictional coefficient, brake pressure and the mass densities, Elastic modulus and Poisson's ratio of the materials are represented by fuzzy numbers. The stability analysis model of the brake is constructed based on CEA, RSM and fuzzy analysis. The effectiveness of the proposed approach on analyzing and improving the fuzzy brake system stability is demonstrated by a numerical example.
The probabilistic or interval approach in [27] and [28] appears to be quite helpless and no longer applicable for squeal analysis when fuzzy characteristics arise in the brake system. This proposed approach is an important part of the systematical study on uncertain squeal problem, and it will greatly improve and enrich the framework of the systematical study.
Fuzzy theory

Fuzzy sets and fuzzy numbers
The theory of fuzzy sets is an extension of the classical set theory as presented by Zadeh [30] , and developed by many other researchers, including Kaufmann and Gupta [31] . For a classical crisp set, an element has a membership of either = 1 or = 0 and thus either belongs to the set or not. Contrary to a classical crisp set, the elements of a fuzzy set can have gradations of the membership between 0 and 1. A fuzzy set is uniquely defined by the following set of pairs:
where is an element of the fuzzy set, the tilde ∼ is used to symbolize fuzziness, is the domain of the fuzzy set and ( ) is the membership function for a fuzzy set and can be defined as:
It can be seen that the classical set is a special case of a fuzzy set in fact. A fuzzy set is called fuzzy number if it is normal and convex. A detailed discussion on the fuzzy number is available in Ref. [32] . A fuzzy number is a special case of a fuzzy set and appears to be an ideal way of describing an uncertain parameter.
The -cut of a fuzzy number
The -cut approach is used to conduct the fuzzy arithmetic operations. The -cut of a fuzzy number can be defined as:
In other words, the -cut of a fuzzy number contains all the elements of the universal set whose membership grades in are greater than or equal to the specific value of . For each -cut level, we define an interval as:
where and are the lower and upper bounds of , respectively. and are the -values of and , respectively. Therefore, in the -cut approach, for different membership degrees in [0, 1], interval method is usually used to calculate the bounds of response.
Triangular fuzzy number
If the shape of the membership function is a triangle, the fuzzy number is called triangular fuzzy number, and can be expressed as [33] :
where and are the lower and upper bounds of the triangle at = 0, respectively, and is the nominal value corresponding to = 1. A triangular fuzzy number and its -cut of membership function can be seen in Fig. 1 .
Fig. 1. A fuzzy number and its -cut
By the triplet number [ , , ], the membership function ( ) of a triangular fuzzy number can be expressed as:
Response surface methodology
It is important to improve the stability performance of brake systems and the brake stability can be improved by the optimization of some system parameters. It is time-consuming and does not consider the combinational effects of different parameters in the conventional parameter designs of disc brake system stability, such as in [17] and [18] .
RSM is a collection of statistical and mathematical methods. By this method the combinational effects of different system parameters to a system response can be fully considered. RSM has important applications in the design, development and formulation of new products, as well as in the improvement designs of the existing products [34] . In engineering design, RSM has been widely adopted to establish a mathematical relationship between the interesting responses and the design variables with a moderate number of FE analysis runs [35, 26] .
Mathematically, the first and second order response surface (RS) models can be respectively defined as:
where is the response; is design variables; , , and are the estimated regression coefficients which can be obtained by the design of experiment (DOE) and the least square method (LSM) [34] ; The cross product terms represent the two-parameter interactions and the square terms represent the second order nonlinearity; is the number of design variables. Similarly, the third and fourth order RS models can be expressed, respectively, as:
After a RS model is established, its accuracy should be assessed. The analysis of variance (ANOVA) can be conducted to test the RS model, so as to ensure its fitting accuracy and significance [37] .
Stability analysis and improvement of fuzzy disc brake system
A brake model and its stability analysis
The simplified model of a disc brake system which consists of brake disc and brake pad assemblies is shown in Fig. 2 . The simplified model has been previously considered and successfully used in some researches such as [8, 18, 25] . In the simplified model, the disc is rigidly mounted on the axle hub and is rotated with the wheel and the pair of brake pads consist of friction materials and back plates. During braking operation, the frictions between the disc and pads can induce a dynamic instability in the brake system. According to the existing researches, the stability of the brake system depends on the real parts of eigenvalues of the following complex eigenvalue problem [18] :
where and are the mass and damping matrices, respectively. is the structural stiffness matrix, and is the friction stiffness matrix which is determined by the pad-disc interface properties. is the eigenvalue and is the corresponding eigenvector. By the influence of friction, ( − ) is an asymmetric stiffness matrix which may lead to complex eigenvalues and complex eigenvectors. The complex eigenvalue corresponding to the th complex mode of the brake system can be written as:
where and are the real and imaginary parts of , respectively. The brake system will be in an unstable state when the real part of one complex eigenvalue is positive. Therefore, the system stability can be reflected by the real parts of the complex eigenvalues. Define the damping ratio of the th complex mode as [17] :
Apparently, the system will become unstable if is negative (i.e. > 0), and vice versa. There may not be a strict relationship between squeal and the magnitude of damping ratio (or real part) of brake system unstable eigenvalue. But just as the recent study [38] pointing out, many studies in the brake squeal research community take the damping ratios or the real parts as an index to evaluate the quality of a brake in terms of noise. Each car manufacturer accordingly sets a target value for the 'squeal index'. If the absolute values of this index remain smaller than the target level from different CEA runs, this brake design will be considered acceptable. Furthermore, using the damping ratios or the real parts of the unstable eigenvalues as a 'squeal index' can also be found in [10, 17, 22, 38] .
To analyze and improve the stability of a disc brake system, Computer Aided Engineering (CAE) allows us to precisely extract the complex eigenvalues of the system by FE simulations. To improve the efficiency of analysis, RS models can be used to replace the time-consuming FE simulations. By the second order RS models (Eq. (8)), the and of the complex eigenvalue can be expressed as:
where denote the system parameters; ( ) , ( ) , ( ) and ( ) are the regression coefficients for intercept, linear, interactive and quadratic coefficients of , respectively; ( ) , ( ) , ( ) and ( ) are the regression coefficients for intercept, linear, interactive and quadratic coefficients of , respectively; is the number of the system parameters. The surrogate models of brake system unstable eigenvalues have been successfully used to study system stability or squeal problem in [22] , and in some very recent papers such as [38] and [39] .
Brake system with fuzzy uncertainties
For the brake squeal problem, uncertainties in material, loading and contact properties are unavoidable. When introducing fuzzy uncertainties into the brake system, the RS models described by Eqs. (14) and (15) can be expressed as:
where = { , , ⋯ , } is the vector of system fuzzy numbers; is the number of fuzzy numbers. Both and become fuzzy numbers accordingly due to the introduction of fuzzy uncertainties.
Calculation of system stability of the brake with fuzzy uncertainties
It is worth mentioning that the damping is not taken into account in the current study. Just as the recent Ref. [38] pointing out, the damping models of friction materials or other components have not been extensively studied at present and there is no reliable data on the damping of brake systems. In most cases, the damping can stabilize brake systems and excluding it will provide more potential unstable eigenvalues. Thus, industrial researchers tend to exclude the damping and set a target value for the damping ratio of an unstable eigenvalue in the CEA of practical engineering. If the damping ratio is not larger than the target value, the brake system will be considered as stable and acceptable [38] . Thus, this brake can be considered as a stable system when the damping ratio of the dominant unstable mode is greater than a constant , namely:
where is the damping ratio of the dominant unstable mode. is not a deterministic value but a fuzzy number, since it is determined by and . The dominant unstable mode can be chosen according to practical engineering and can be determined according to engineering requirement. Consequently, to evaluate the stability of a fuzzy disc brake system, one has to assess the fuzzy value of firstly.
As a successful practical application of fuzzy arithmetic, the Transformation Method [40] is used to evaluate in this research. Assuming the fuzzy brake system is characterized by fuzzy numbers = { , , … , } , based on the interval arithmetic algorithm [41] , the major steps of the evaluation of can be briefly described as follows
Step 1. Each fuzzy number ( = 1, 2,…, ) is decomposed into a number of intervals ( ) = ̅ ( ) , ( ) , assigned to the membership levels ( = 0, 1,…, ). The membership levels result from the subdivision of the axis of membership, into equally spaced intervals of length Δ = 1/ (shown in Fig. 3) .
Step 2. The intervals ( ) ( = 1, 2,…, ; = 0, 1,…, ) are transformed to the arrays ( ) that are obtained from the lower and upper interval bounds after the application of a well-defined combinatorial scheme [40] . Each of these arrays represents a specific sample of possible parameter combinations and serves as an input parameter set to evaluate .
Step 3. As a result of the evaluation of the model for the input arrays ( ) , output arrays ( ) are obtained which are then retransformed to the output intervals ( ) = ( ) , ( ) for each membership level of .
Step 4. Finally, the intervals ( ) = ( ) , ( ) and the corresponding membership levels are recomposed to the fuzzy value of .
Fig. 3. The decomposition of the fuzzy variable
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The procedures of stability analysis and improvement of the fuzzy brake system
For squeal reduction, the stability analysis and improvement of a disc brake system with fuzzy uncertainties can be summarized and carried out as follows
Step 1. Create FE model of the simplified disc brake system (shown in Eq. (11)), and select investigated parameters;
Step 2. Obtain the unstable modes and determine the dominant unstable mode of the brake system, by performing CEA based on the FE model;
Step 3. Establish RS models of the complex eigenvalue corresponding to the dominant unstable mode (shown in Eqs. (14) and (15));
Step 4. Introduce fuzzy numbers to deal with the uncertainties existing in the brake system (shown in Eq. (16));
Step 5. Build up stability analysis model of the fuzzy brake system based on RSM and fuzzy analysis (shown in Eq. (17));
Step 6. Evaluate system stability and conduct sensitivity analysis;
Step 7. Analyze system stability, and explore the improved designs for squeal reduction. The flowchart of the stability analysis and improvement of the brake system with fuzzy uncertainties is shown in Fig. 4 . 
FE model of a simplified brake
The simplified disc brake shown in Fig. 2 is adopted for investigation in this section. In the simplified model, the disc is wear resistant and is made of grey cast iron. The friction materials of the pads are made of anisotropic composite material, and are mounted to the brake plate that made of steel. The three-dimensional FE model of the brake is illustrated in Fig. 5 . The friction contact interactions are defined in the contact areas between the disc and the pads, in where the fine meshes are built.
For this commercial brake, some common and effective measures have been taken to reduce the likelihood of squeal in the early design phase. For example, two chamfers and a slot have been provided on both sides and in the middle position of the friction material for each pad, as shown in Fig. 6 . Therefore, the original system stability is relatively high. The constraints and loadings of this brake are shown in Fig. 7 . The disc is completely fixed at the five counter-bolt holes. The back plates are constrained in the ears, and can just move along the axial direction. The brake pressure is directly acting on the back plate in the contact area between the pad and the piston, and an equal magnitude of brake pressure is similarly applied to the other back plate. The elastic property of the friction material is anisotropic and it is difficult to be defined. In this study, the friction material is treated as isotropic material but with varied Elastic modulus, just as in [18, 42] . In an uncertainty analysis, this assumption can be appropriate and acceptable. For this assumption, the uncertainty of the Elastic modulus of friction material in Table 3 is taken greater than that of other components.
The eigenvalue analysis of the brake system is dependent on a numerous of factors and mainly based on the stiffness and mass characteristics and operating conditions. Thus, the brake system parameters, we select to investigate, are: (1) the density , the Elastic modulus and the Poisson's ratio of the material of back plate; (2) the density , the Elastic modulus and the Poisson's ratio of friction material; (3) the density , the Elastic modulus and the Poisson's ratio of the material of disc; (4) the brake pressure and friction coefficient . The nominal values and the investigated ranges of these parameters are listed in Table 1 . The investigated ranges are mainly used to build up the RS models.
In Table 1 , the nominal values of system parameters are obtained from the supplier. The lower and upper variations of all parameters (except and ) are fixed at 10 % of the nominal values, respectively. Due to the assumption of the elastic property of friction material as previously mentioned, the lower and upper variations of are fixed at 20 % of its nominal values. The friction coefficient is the most important uncertain parameter in the analysis of squeal phenomenon, and its lower and upper variations are also fixed at 20 % of its nominal values by referring to the common ranges of .
Determination of dominant unstable mode
In this paper, Latin Hypercube Sampling [43] is used to generate 120 group samples to construct the RS models. Perform CEA based upon the FE model from 0 to 16 kHz, for each sample. It can be found that the unstable modes appear mainly around the frequency of 2 kHz. In some earlier studies such as [8, 22] , the unstable mode at certain frequency is regarded as the dominant unstable mode. Therefore, the unstable mode at 2 kHz in our research is regarded as the dominant unstable mode whose damping ratio is negative. We will try to improve the system stability by increasing the negative damping ratio of the dominant unstable mode. Fig. 8 shows the complex eigenvalues of the brake system corresponding to some group samples. The eigenvalues under the same group sample are represented by the same markers. It can be seen that the major unstable frequency is approximately 2 kHz. 
Construction of RS models
The RS models of the real and imaginary parts of the complex eigenvalue corresponding to the dominant unstable mode are built up and marked as ( ) and ( ) , respectively. = { , , , , , , , , , , } is the vector of investigated parameters.
Indeed, some other unstable modes can be found at other frequencies and the current RS models cannot present all unstable modes of the brake. However, the workload of considering all unstable modes is not affordable in the current investigation. Thus, just the dominant unstable mode is considered in this study. Furthermore, the main focus of this study is to propose a fuzzy numerical approach on squeal analysis and reduction instead of completely solving the squeal problem. The proposed approach remains the same regardless of the form of stability index, the type of design variables, and the number of input variables or unstable modes.
ANOVA is used to test the RS models ( ) and ( ). The correlation coefficient is defined as the ratio of the explained variable to the total variation. For a good fit of a model, should be no less than 0.80 [43] . The values of obtained in the present study for ( ) and Damping ratio  ( ) are 0.9828 and 0.9967, respectively. It indicates that the regression models can explain the observed responses well and are considered to be quite satisfactory. The -value is used as a tool to check the significance of the model. The RS model is considered to be statistically significant when the -value is lower than 0.05 [43] . Both the -values obtained in the present study for ( ) and ( ) are less than 0.0001. It confirms that the models are highly significant. In order to test the predictability of the RS models of ( ) and ( ) , the complex eigenvalues produced by the original FE model and by the RS models for 10 group samples are shown in Table 2 . It can be seen that the prediction accuracy of the RS models is very well. 
Brake system with fuzzy uncertainties
After introducing fuzzy uncertainties, the investigated parameters shown in Table 1 are all taken as fuzzy numbers and can be expressed as follows: = { , , , , , , , , , , } .
The fuzzy numbers are all assumed to have triangular membership functions. The lower and upper variations of , , , , , , , and are all fixed at 5 % of the nominal values; while the lower and upper variations of and are fixed at 10 % of their nominal values, respectively. In Table 3 , the triplet numbers are used to define the triangular membership functions of the fuzzy numbers, and the middle values of the triplet numbers represent the nominal values of the fuzzy numbers. 
Stability analysis of the fuzzy brake
By Eq. (17), the damping ratio of the dominant unstable mode of the fuzzy brake system can be expressed as:
, , , , , , , , , , .
Once the membership functions of the fuzzy numbers are obtained according to Table 3 , the interval arithmetic techniques can be applied to Eq. (19) to estimate the response bounds at each -cut to get the membership function of . Ten levels of -cut (i.e., = 0.1, 0.2, 0.3, 0.4, 0.5, 0.6, 0.7, 0.8, 0.9 and 1.0) are considered for each fuzzy numbers (Δ = 0.1, = 10) to calculate the membership function of . Fig. 9 shows the membership function of obtained by adopting the interval arithmetic techniques with 50,000 times Monte-Carlo simulations for each -cut. For a stable brake system, the damping ratio should be greater than -0.01 (namely = -0.01) in engineering [28, 44] . The computational results of Fig. 9 and Table 4 show that the lower bounds of at each -cut level are all less than -0.01. The upper bounds of are also less than -0.01 at the -cut levels of 0.6 to 1.0. It indicates that is less than -0.01 for the most cases, namely that the robustness of this brake stability is very poor. Uncertain factors existing in the brake system are likely to destroy the system stability easily and thus increase the likelihood of squeal. Therefore, improvement designs are urgently to be taken to improve the stability of this brake. 
Sensitivity analysis
Sensitivity analysis is a very useful tool to explore the influence of system parameters on system stability, and it has been carried out for brake squeal investigation [16, 45, 46] .
The stability of the brake system can be indicated by ( ), therefore, the sensitivity of ( ) to the system parameter can be applied to show the influence of system parameters on system stability. The sensitivity analysis falls into two categories: sensitivity analysis and relative sensitivity analysis. There are no strict rules on selecting which concept as the criterion to evaluate the sensitivities of parameters. Usually the concept of sensitivity is employed when the independent variables are of the same scale, whereas the concept of relative sensitivity is adopted in the case that there are large differences on scales among the independent variables. Apparently, the latter concept is an ideal choice for this research.
The formula of relative sensitivity of ( ) to the system parameter can be given as [16] :
It should be emphasized that ( ) has negative correlation with while is positive, and vice versa. This is different from the conventional sensitivity analysis. It is because that is always positive, and ( ) is always negative, namely the items ( ) ⁄ is always negative in this research. As a consequence, the relative sensitivity in this research has the opposite meaning, compared with the conventional sensitivity. In this research, ( ) is greater than zero, so by combining Eqs. (13) and (20), can be expressed as: or . It indicates that the stability of this fuzzy brake system can be improved by low-density back plates, or by low-density friction materials, or by softer disc or by decreasing the friction coefficient.
(2) The values of and are all or almost distributed among the negative territories of the horizontal axis, which means that an increase of or can lead to a reduction of ( ). It indicates that the stability of this disc brake system can be improved by stiffer back plates, or by high-density disc.
(3) The values of , , , and are all distributed on both sides of zero of the horizontal axis, which means that the value of ( ) either increases or decrease as , , , or increases. For displaying the influences of the fuzzy numbers on ( ) more directly, the average of is computed by 50,000 times Monte-Carlo simulations under the given uncertain values. Here the averages are listed in Table 5 , sorted by ascending absolute values. The histogram of the averages of is also plotted and showed in Fig. 11 . Comparing the relative sensitivity values listed in Table 5 or shown in Fig. 11 , we can find that:
(1) The first three sensitive parameters are , and , namely the density of disc, the density of back plate and the friction coefficient, have remarkable influences on ( ) under the given uncertain values.
(2) The least sensitive parameters are , , and , which means that the effects of the Poisson's ratio of component material and the Elastic modulus of friction material on ( ) are not significant under the given uncertain values.
(3) The other parameters including , , and , namely the Elastic modulus of back plate, the density of friction material, the Elastic modulus of disc and brake pressure, have relatively obvious influences on ( ) under the given uncertain values. 
Improvement of system stability
From the above analysis, it can be known that the three direct and effective methods for improving the system stability are to improve the density of disc , or to reduce the density of back plate , or to reduce the friction coefficient . However, reducing will certainly reduce the braking performance, thus it is not a good solution. Nevertheless, reducing the density of back plate or increasing the density of disc can be easily achieved.
Towards the parameters ( , , and p) which have relatively large sensitivity values, the density of frictional material and the brake pressure are inappropriate to be changed for improved design. It is because that it will be necessary to change the prescription and technical index to manufacture the composite if we change the density of frictional material ; and the brake pressure cannot be adjusted arbitrarily. By contrast, the Elastic modulus of back plate and the Elastic modulus of disc can easily be modified to improve the system stability, such as the application of stiffer back plate and softer disc. This is in agreement with the results of many studies such as [11] and [22] .
Therefore, the parameters , , and are taken for improved design. With wider ranges of , , and listed in Table 6 , the RS models are reconstructed (the other parameters take the ranges in Table 1 ). A total number of 120 group samples are used to build up the new RS models as well.
The effects of the density of back plate on system stability are studied by taking a series of fuzzy values [ , , , , , ] for (the lower and upper variations of each fuzzy value are still fixed at 5 % of the nominal value), while taking the fuzzy values in Table 3 for the other variables. Fig. 12 shows the analysis results of system stability under different fuzzy values of .
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taking a series of fuzzy values [ , , , , , ] for (the lower and upper variations of each fuzzy value are still fixed at 5 % of the nominal value), while taking the uncertain values in Table 3 for the other variables. The analysis results are shown in Fig. 13 . Likewise, the effects of the density of disc on system stability are also taken for investigation by taking a series of fuzzy values [ , , , , , ] for (the lower and upper variations of each fuzzy value are still fixed at 5 % of the nominal value), while taking the uncertain values in Table 3 for the other variables. The analysis results are shown in Fig. 14 .
In addition, the effects of Elastic modulus of disc on system stability are taken for investigation as well, by taking a series of fuzzy values [ , , , , , ] for (the lower and upper variations of each fuzzy value are still fixed at 5 % of the nominal value), while taking the uncertain values in Table 3 for the other variables. The analysis results are shown in Fig. 15 . From Figs. 12-15 , it is observed that the stability of this commercial brake system is increased as either the density of back plate or the Elastic modulus of disc decreases, or either the Elastic modulus of back plate or the density of disc increases. It is completely in agreement with the results of the sensitivity analysis as previously explained. Furthermore, it can also be found that when the nominal value of is 6.82 kg/dm , or the nominal value of is 100 MPa, the lower bounds of are all greater than -0.01, which means that the brake system will be in an absolutely stable state even though the influences of uncertain factors are considered. The Elastic modulus per unit density is called the specific modulus of material, and can be defined as / . The effects of specific modulus of both the back plate and the disc on the system stability are also taken for investigation, and a series of values of both Fig. 16 and Fig. 17 . From Figs. 16 and 17 , it can be seen that both increasing the specific modulus of back plate and decreasing the specific modulus of disc can improve the stability of this commercial brake system effectively. To verify this conclusion, several different CEA runs under different specific modulus of back plate have been performed. The results are shown in Fig. 18 . It can be seen that the damping ratio of dominant unstable mode is increased with the increase of the specific modulus of back plate. By the same way, a negative correlation between the damping ratio and the specific modulus of disc can be found, which is not shown here. Therefore, by increasing the specific modulus of back plates or decreasing the specific modulus of disc, it may improve the stability and robustness of the brake and reduce squeal tendency. In order to achieve the purpose of improving the specific modulus of back plate, one can change the material of back plate into the materials with larger Elastic modulus or lower density, alone or together. Moreover, one can make the back plate with composite materials in the conceptual design stage. Composite materials are considered to be stronger and stiffer than steel, but much lighter in weight, which enables them to have been widely used in aerospace engineering. As for changing the specific modulus of disc to improve system stability, this is a somewhat complex way, since it has to take into account the friction characteristic of the disc together.
Conclusions
A numerical approach is proposed to analyze and improve the stability of a fuzzy disc brake in this paper. In the proposed approach, the density, Elastic modulus and Poisson's ratio of brake component materials, the brake pressure and the friction coefficient are taken as uncertain parameters and treated as fuzzy numbers. A stability analysis model of the fuzzy brake is constructed to explore the improved designs for squeal reduction, based on RSM, CEA and fuzzy analysis. In order to assess the influences of the fuzzy parameters on system stability, sensitivity analysis is undertaken. The combinational algorithm of the Transformation Method and the Monte Carlo method is employed to perform the uncertain analysis. The results of a numerical example show that increasing the specific modulus of back plate can effectively improve the system stability of the fuzzy brake. The proposed approach can be considered as a potential method for the improved design of brake squeal reduction under fuzzy case.
